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In this paper we derive results, for exceptional number fields, about the rela-
tionship between the wild kernel, the group of divisible elements in K2 (F ), and
classgroups of cyclotomic extensions at the prime 2. We prove that the group of
divisible elements in K2 (F ) is generated by DennisStein symbols, for any number
field F which is not imaginary quadratic.  2001 Academic Press
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1. INTRODUCTION
There has been much work recently on wild kernels in K-theory, but the
case of exceptional number fields remains elusive. The results about the
wild kernel in Keune, [5], Mulders, [8], and Kolster, [6], for example,
are valid only for non-exceptional number fields. Banaszak, in [1], defined
higher algebraic wild kernels at odd primes. More recently, Ostv$r [10]
defined higher algebraic wild kernels at the prime 2 for all number fields,
but the chief results in that paper apply only in the case of non-exceptional
number fields. In this paper we study the classical wild kernel at the prime
2 in the case of exceptional number fields.
The goal of this paper is to prove, for the case of exceptional fields,
results about the classical wild kernel, WK2 (F ), which are analogous to
results of Keune [5] and Mulders [8] for the case of non-exceptional
number fields. Keune, in [5], shows that if p is an odd prime number or
if p=2 and F is a non-exceptional number field then the p-Sylow subgroup
of WK2 (F ) is naturally isomorphic to the group
(+pn Cl+(OF(‘p n) [1p]))Gal(F(‘p n)F )
for sufficiently large n. As we show below, the same arguments can also be
used to prove that WK2 (F ) is equal to the group of divisible elements,
Div(K2 (F )), of K2 (F ) if F is non-exceptional. Mulders, in [8], proves that
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the wild kernel of a non-exceptional number field is generated by Dennis
Stein symbols.
In Section 3 of this paper, we prove that, even in the case of an excep-
tional number field, the 2-Sylow subgroup of Div(K2 (F )) is naturally a
quotient of
(+2n Cl+(OF(‘2 n) [12]))Gal(F(‘2 n)F )
for sufficiently large n and deduce, with the help of results of Mulders, that
Div(K2 (F )) is generated by DennisStein symbols for any number field F
which is not imaginary quadratic. This is a positive result about generation
by DennisStein symbols to counterbalance the negative results of [4] and
was the original motivation for the work in this paper.
In Section 4, we show that Div(K2 (F)) is a subgroup of WK2 (F ) of
index at most 2 and is equal to WK2 (F ) precisely when F is non-excep-
tional or if there exists a prime lying over 2 whose decomposition group for
the extension F(‘2 n)F is equal to the full Galois group for all sufficiently
large n. This is a more precise statement of a well-known result of Tate (see
Bass [2] or Tate [11]) about the wild kernel and Div(K2 (F )).
2. PRELIMINARY CALCULATIONS
Let +=+2 n denote the group of 2n th roots of unity in an algebraic
closure of a field of characteristic not equal to 2. We let ‘2k denote a
primitive 2kth root of unity. We identify the ring of endomorphisms,
End(+), with Z2nZ and Aut(+) with U(Z2nZ) in the usual way. Let 1
denote a subgroup of U(Z2nZ)=(&1)_(5). Note that 1 is cyclic unless
&1 # 1 and |1 |>2. If 1 is cyclic then either 1=(&1) or 1=(52 a) for
0an&2 or 1=(&52 a) for 0an&3. If 1 is noncyclic we will say
it is exceptional. We will say that a number field, F, is exceptional if
1k=Gal(F(‘2 k)F ) is exceptional for some k. Otherwise, we will say the
field is non-exceptional.
For any a2 let ‘+2 a denote ‘2 a+‘
&1
2a , and for any b3 let ‘
&
2b denote
‘2 b&‘&12b .
The following lemma is straightforward to verify:
Lemma 2.1. Let F be an algebraic number field. Then F is non-excep-
tional if and only if either - &1 # F or ‘&2b # F for some b3.
Since (‘&2 b)
2 is a totally negative real number, it follows, of course, that
any number field admitting a real embedding is exceptional.
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Let C denote the subgroup (&1) of U(Z2nZ). We begin with the trivial
Lemma 2.2.
Hi (C, +)=(+)C=++2 for i even.
Hi (C, +)=+C=+2=[\1] for i odd.
Let N1 denote the norm element # # 1 # # Z[1 ], which we will also
consider as an element of End(+).
Lemma 2.3. Suppose that 1=(_) is cyclic and 1{(&1) . Then
Image(N1)=Ker(1&_) and Image(1&_)=Ker(N1), and thus
0=Hi (1, +)=H i(1, +) for all i1.
Proof. For r # Z2nZ, let v(r) denote the 2-adic valuation of r if r{0
and let v(r)=n if r=0 in Z2nZ. It is easily verified that for 0bn&2,
v(52b&1)=b+2.
Note that if r # End(+)=Z2nZ, then the image of r is the unique sub-
group of + of order 2n&v(r) and the kernel of r is the unique subgroup of
order 2v(r). Thus, we must show that v(1&_)+v(N1)=n.
We consider two cases:
Case 1. _=52a for 0an&2.
Let ‘ denote a generator of +. Then N1 (‘)=‘r where
r=1+52a+ } } } +(52a)2n&a&2&1=
52
n&2
&1
52
a
&1
and so v(r)=n&a&2.
But v(1&_)=v(1&52 a)=a+2.
Case 2. _=&52 a for 0an&3.
In this case, N1 (‘)=‘s where s=(52
n&2
&1)(52 a+1) and so v(s)=n&1
while v(1&_)=1. K
Corollary 2.4. If 1 is cyclic, 1{(&1) , then N1 induces an isomor-
phism (+)1  +1.
Theorem 2.5. Suppose that 1 is exceptional. Then H i (1, +) is cyclic of
order 2 for all i. More precisely, if 1=(&1)_(52 a) then
Hi (1, +)={++
2,
+2a+1+2a+2,
i even
i odd.
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Proof. Suppose that 1=(&1)_(52a)=C_11 . The Hochschild-Serre
spectral sequence associated to the extension
1  11  1  C  1
has the form
Hi (C, Hj (11 , + )) O H i+ j (1, + ).
By Lemma 2.3,
Hj (11 , + )={0,(+)11=++2a+2,
j1
j=0.
So the spectral sequence degenerates and induces isomorphisms Hi (1, +)
 Hi (C, ++2
a+2
), whence the result. K
We will need the following result in Section 4 below:
Corollary 2.6. If 1 is exceptional and if 1 $ is a proper subgroup, then
the map induced by inclusion H1 (1 $, +)  H1 (1, +) is the zero map.
Proof. We can suppose without loss that 1=(&1)_(52a) =C_11
and 1 $=C_1 $1=(&1)_(52
b) with b>a.
It is clear then that the map H1 (1 $, +)  H1 (1, +) is just the map
+2 b+1+2 b+2  +2a+1+2 a+2 induced by the identity on + and so is zero. K
3. THE GROUP OF DIVISIBLE ELEMENTS IN K2 (F )
For any field K, let +r (K)=[‘ # K* | ‘r=1].
Lemma 3.1. Let q= p f be the power of an odd prime. Let n2. Let
F=Fq , the finite field with q elements, and let E=F(‘2 n).
The following are equivalent:
(1) NEF : +2n  +2 n (F) is surjective.
(2) q&1 (mod 2n).
Proof. 1=Gal(EF)/U(Z2nZ) is cyclic, generated by the Frobenius
automorphism, q # Z2nZ. By Corollary 2.4 above, N1=NEF is surjective
onto +1=+2 n (F) if and only if 1{(&1) , and, thus, if and only if q{&1
# Z2nZ. K
For a number field F and prime ideal p, we let k(p) denote the residue
field at p, N(p)=|k(p)|, the absolute norm of p, and +r (p) the group of r th
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roots of unity in k(p). For an abelian extension of number fields, LF, and
an unramified prime, p, of F, we let ( LFp ) denote the Frobenius of p in
Gal(LF ).
Lemma 3.2. Let F be a number field and p a prime ideal of F not dividing
2. Let En=F(‘2 n) for all n1.
The following are equivalent for n2:
(1) N(p)#&1 (mod 2n).
(2) \En+1 Fp +=&1 or &52n&2 in 1n+1 U(Z2n+1Z).
Proof. Let q=N(p).
Then (1) holds
 q# &1 (mod 4) and q2#1 (mod 2n+1)
 - &1  Fq and ‘2n+1 # Fq (- &1)=Fq2
 p remains inert in F(- &1) and then splits completely in F(‘2 n+1)
 \En+1 Fp + has order 2 and its image in U(Z4Z) is &1.
 \En+1 Fp +=&1 or &52n&2. K
For any finite set of primes in a number field F, we let Cl+ (OF, S) denote
the extended class group of the ring of S-integers.
Lemma 3.3. Let F be an exceptional number field.
Let n0=max[a0 | ‘+2a # F]. (So n02.) If A is an ideal of F, let [A]
denote the corresponding class in Cl+(OF [12]). Then, for all x # Cl+(OF [12])
there exist prime ideals p1 , ..., ps such that x=> [p i] in Cl+(OF [12]) and
N(pi)&1 (mod 2n0+1) for all i.
Proof. Let H+ denote the extension of F which is maximal with
respect to the following conditions:
(i) H+F is abelian.
(ii) H+ is unramified at all finite primes.
(iii) All primes of F lying over 2 split completely in H+.
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Let
, : Cl+(OF [12])  G=Gal(H+F )
[p] [ \H
+F
p +
be the Artin isomorphism.
Let n1=max[b1 | ‘2 b # H+].
Case 1. n1=1, i.e., - &1  H+. Then G1=Gal(H+ (- &1)F )=G_
(&1) where (&1) =Gal(F(- &1)F ). Let x # Cl+(OF [12]). Let #=
(,(x), 1) # G1 . Choose p with
\H
+ (- &1)F
p +=#.
Then ,([p])=# |H+=,(x) O [p]=x in Cl
+(OF [12]), while
\F(- &1)Fp +=# | F(- &1)=1
O p splits in F(- &1)
O N(p)#1 (mod 4).
Case 2. n1=n0 (note that n1>1 O n1n0 ). Thus - &1 # H+ and so
H+ (‘2n0+2)=H+ (‘+2 n0+2)=H
+ } F(‘+2 n0+2)
and F(‘+2 n0+2) & H
+=F.
Hence
G2=Gal(H+ (‘2n0+2)F )=Cl+(OF [12])_(_) ,
where (_) =Gal(F(‘+2 n0+2)F ) is cyclic of order 4. Now let :=(,(x), _) #
G2 and choose p with
\H
+ (‘2 n0+2)F
p +=:.
Then [p]=x as before and
\F(‘
+
2n0+2)F
p +=_
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has order 4 and so
\F(‘2n0+2)Fp +{&1 or &52n0&1 in U(Z2n0+2Z)
O N(p)&1 (mod 2n0+1).
Case 3. n1n0+1. Let x # Cl+(OF[12]) and let y # G3=Gal(H+
(‘2 n0+2)F ) with y | H+=,(x). If y | F(‘2n 0+2) has order at least 4 or if
y | F(- &1)=1, choose p with
\H
+ (‘2 n0+2)F
p += y
and we’re done.
Otherwise, let z # G3 with z | F(‘2 n0+2) of order 4. Choose p1 , p2 with
\
H+ (‘2 n0+2)F
p1 += yz, \
H+ (‘2 n0+2)F
p2 +=z&1.
Then N(pi)&1 (mod 2n0+1) and
,([p1])= yz | H+=,(x) } (z | H+)
,([p2])=(z | H+)
&1
O ,([p1][p2])=,(x)
O [p1][p2]=x # Cl+(OF [12]). K
For a number field F, K+2 (F ) denotes the kernel of the map K2 (F ) 
~ +2 (where there is one summand for each real infinite prime) induced by
the real Hilbert symbols (see [5] for more details), and we let
K+2 (OF)=K
+
2 (F ) & K2 (OF).
Recall that if EF is an extension of number fields then there is a
commutative diagram with exact rows,
0 ww K+2 (OE) ww K
+
2 (E ) ww
{ 
q
k(q)* ww 0
tr tr N
0 ww K+2 (OF ) ww K
+
2 (F ) ww
{ 
p
k(p)* ww 0,
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where { denotes the sum over all finite primes of the tame symbols
{p : K2 (F )  k(p)*, N is the sum of the norm maps
Np : 
q | p
k(q)*  k(p)*, [xq ]q [ ‘ Nk(q)k(p) (xq).
and tr=trEF denotes the K-theory transfer.
Let p denote a fixed rational prime. On applying the functor &} Zpn
to the rows, we get a commutative ladder with exact rows, part of which
has the form

q  SE
+pn (q) ww
In K+2 (OE)p
n ww K+2 (E )p
n
N tr tr (1)

p  SF
+pn (p) ww
In K+2 (OF )p
n ww K+2 (F )p
n,
where, for a number field L, SL denotes the set of primes dividing p.
It follows from the exactness of the bottom row that the image of
In=In, F is the group
K+2 (OF ) & (K
+
2 (F ) )
pn
(K+2 (OF ) )
pn .
Furthermore, if +pn /E then the map In, E factors as In, E=Jn, E b ? where
? is the obvious surjection
?: 
q # SE
+pn  +pn Z Cl+(OE [1p])
and Jn, E is injective (see, for example, [5, Theorem 3.5; 12, Theorem 6.2]).
More generally, for any number field F, let En=F(‘pn) for n1 and let
Jn=Jn, F=tr
En
F b Jn, En : +pn Cl
+(OEn [1p])  K
+
2 (OF )p
n.
We consider Jn as a map
+pn Cl+(OEn [1p]) 
K+2 (OF ) & (K
+
2 (F ) )
pn
(K+2 (OF ) )
pn .
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Consider, for the present, the case p=2:
Theorem 3.4. (1) If - &1 # F, then Jn is surjective for all n.
(2) If - &1  F but if ‘&2 a # F for some a3, then Jn is surjective for
all nm0 where m0=max[a3 | ‘&2 a # F ].
(3) If F is exceptional, then Jn is surjective for all nn0+1.
Proof. For all n, the image of Jn, F is equal to the image of Jn, F b ?. But
Jn, F b ?=tr
En
F b Jn, E b ?=tr
En
F b In, E=In, F b N
by the commutativity of (1).
Thus, if N is surjective, so is Jn, F .
(1) If - &1 # F then N is surjective by Lemma 3.1 and hence so
is Jn .
(2) Let 1n=Gal(F(‘2 n)F ). So
1n=(&52
m0&3)U(Z2nZ) for all nm0 .
Suppose that nm0 . Let p be a prime ideal of OF not dividing 2. Let Zn, p
denote the decomposition group of p in En .
If Zn, p{1n , then Zn, p=(5
2 r) for some r>m0&3. Let q=N(p). Then
there exists j odd with ‘5 2
r
2 n =‘
q j
2n and so q
j#52 r (mod 2n) O q j#1 (mod 4)
O q#1 (mod 4). On the other hand, if Zn, p=1n=(&5
2m0&3) then q j#
&52
m0&3 (mod 2n) and thus q j#&52m0&3#&(1+2m0&1) (mod 2m0) O q j
&1 (mod 2m0) O q&1 (mod 2m0).
Thus, for all primes p not dividing 2 and all nm0 ,
N(p)&1 (mod 2n) and so N is surjective by Lemma 3.1.
(3) Recall (see diagram (1) above) that the following diagram com-
mutes:

q  SEn
+2 n ww
In, En
K+2 (OEn) & (K
+
2 (En))
2 n
(K+2 (OEn))
2n
N tr

p  SF
+2 n (p) ww
In, F K+2 (OF ) & (K
+
2 (F) )
2n
(K+2 (OF ) )
2n .
Suppose that nn0+1.
We will show the following: Given ; # ~p +2n(p), there exists # # Image(N)
with In, F (;)=In, F (#). It follows that Image(Jn, F)=Image(In, F b N)=
Image(In, F) as required.
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If p$ is a prime ideal of F (not dividing 2) and if ‘ # +2n (p$), let ‘p$ denote
the element of ~p +2n (p) whose p$-component is ‘ and all other com-
ponents are 1.
Recall that N= Np where Np is the product of the norm maps
~q | p +2n  +2 n (p). Thus Np is surjective if and only if N(p)&1
(mod 2n). Suppose now that p$ is a prime ideal for which N(p$)#&1
(mod 2n). Then +2 n (p$)=+2 and it remains to show that for such a prime
ideal there exists # # Image(N) with I(#)=I((&1)p$).
Recall that
In ((&1)p$)=z2
n
(mod(K+2 (OF ))
2n),
where
{p (z)={&1 (mod p) if p=p$1 (mod p) if p{p$.
On the other hand, I2 ((&1)p$)=J2 ([p$])=z2 (mod(K+2 (OF )
2).
By Lemma 3.3 above, there exist prime ideals pi , i=1, ..., s with
N(pi)&1 (mod 2n) and
[p$]=‘ [pi] in Cl+(OF [12]).
It follows that
I2 ((&1p$)=J2 ([p$])
=‘ J2 ([pi])
=‘ I2 ((&1)pi)
=‘ z2i (mod(K
+
2 (OF ))
2),
where zi # K+2 (F ) satisfy
{p (zi)={&1 (mod p) if p=pi1 (mod p) if p{p i .
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Thus
z2=\‘ z2i + } w2 for some w # K+2 (OF )
O z2 n#‘ z2ni (mod(K
+
2 (OF ))
2n)
O In ((&1)p$)=In \‘ (&1)pi+
proving the result. K
If A is a (multiplicative) abelian group, we let Div(A) denote the sub-
group of divisible elements
,
n1
An.
If A is a finite abelian group and p is a prime number, we let A( p)
denote the p-Sylow subgroup of A.
Corollary 3.5. For n sufficiently large, the image of Jn is equal to the
2-Sylow subgroup of Div(K2 (F )).
Proof. If n is sufficiently large (e.g., large enough so that nn0+1 and
(K+2 (OF )(2))
2n=[1]), then the image of Jn is essentially
K+2 (OF )(2) & (K
+
2 (F ) )
2 n.
Since K+2 (OF ) is finite, the filtration by powers of K
+
2 (F ) stabilises and,
thus, for n sufficiently large
Image(Jn)=K+2 (OF )(2) &\ ,m0 (K
+
2 (F ))
2 m+ .
Since K2 (F )2K+2 (F), this last group is equal to
K2 (OF )(2) & \ ,m0 (K2 (F ))
2m+
which is the 2-Sylow subgroup of Div(K2 (F )). K
Corollary 3.6. If F is not imaginary quadratic, then Div(K2 (F)) is
generated by DennisStein symbols.
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Proof. If we consider an odd prime, p, then the analogous maps Jn are
surjective for all n, since in this case the norm maps NEF : +pn  +pn (F)
(where F is a finite field of characteristic not equal to p and E=F(‘pn)) are
always surjective. It follows that for n sufficiently large, the image of Jn is
the p-Sylow subgroup of Div(K2 (F )).
Mulders proves in [8] (see the proof of Proposition 7.1) that for any
number field F containing a non-torsion unit the image of Jn is generated
by DennisStein symbols for sufficiently large n. K
4. THE WILD KERNEL
As above, let F denote a number field and let En=F(‘2 n), n1 and
1n=Gal(En F )U(Z2nZ).
Recall that the wild kernel, WK2 (F ), of a number field F is the kernel
of the map K+2 (F )  ~p +(Fp) induced by Hilbert symbols of the
appropriate order, and that for any prime number p we have
WK2 (F )( p)=Ker \K+2 (OF)  p | p +(Fp)( p)+ .
For any field L containing F and any n1, let
Hn, L : K+2 (OL)2
n  
q | 2
+2 n (Lq)
be the map induced by Hilbert symbols of the appropriate order. Note
that for n sufficiently large, Hn, L is essentially the map K+2 (OL)(2) 
~ +(Lq)(2) whose kernel is the 2-Sylow subgroup of the wild kernel.
By [5, Proposition 3.7], for each n there is an exact sequence of
1n -modules
+2 n Cl+(OEn [12]) w
In K+2 (OEn)2
n www
Hn, En M0  0, (2)
where
M0=Ker \q | 2 +2 n  +2 n+
[‘q]q [ ‘ ‘q .
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Here, the 1n -action on ~ +2n is given by
#[‘q]q=[#(‘q)]#(q) .
By [5, Proposition 6.2], trn=tr
En
F induces an isomorphism
(K+2 (OEn)1n  K
+
2 (OF )
and hence an isomorphism
(K+2 (OEn)2
n)1n  K
+
2 (OF )2
n. (3)
Taking 1n -coinvariants in (2), and using (3), gives the exact sequence
+2n Cl+(OF [12]) w
Jn K+2 (OF )2
n  (M0)1n  0.
In order to calculate (M0)1n , we consider the exact sequence of 1n-modules
0  M0  
q | 2
+2 n  +2n  0.
This gives rise to a long exact homology sequence:
} } }  H1 \1n ,  +2n+ H1(1n , +2n)  (M0)1n  \ +2n+1n  (+2n)1n  0.
Now ~q | 2 +2n decomposes as a 1n -module into ~p | 2 (~q | p +2 n).
Lemma 4.1. For p a prime ideal of F, let Zn, p denote the decomposition
group of p in 1n ,

q | p
+2 n $Ind
1n
Zn, p
(+2n)
as 1n -modules.
Proof. To begin with, 1n Zn, p$[q : q a prime of E with q | p] as
1n -sets, via # [ #(q0) where q0 is any fixed prime lying over p and thus
Z[1n Zn, p] Z +2 n $~q | p +2n as Z-modules via 8 :  n## [ [‘
n #
#(q0)
]#(q0) .
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This is an isomorphism of 1n -modules if the left-hand-side is endowed
with the diagonal action,
#$ \: n##‘+=: n##$##$(‘)
With this action, Z[1nZn, p]Z +2n is, in turn, isomorphic to
Ind
1n
Zn, p
+2 n by [3, III, Proposition 5.6(a)]. K
It follows, by Shapiro’s Lemma, that
Hi \1n , q | 2 +2 n+$ p | 2 H i (Zn, p , +2n).
So the homology sequence above takes the form
} } }  
p | 2
H1 (Zn, p , +2 n) w
\
H1 (1n , +2n) w
$ (M0)1n w

p | 2
(+2 n)Zn, p w (+2n)1n w 0.
By the homology calculations of Section 2 above,
H1 (1n , +2n)={0cyclic of order 2
if 1n is cyclic, 1n {(&1)
if 1n noncyclic or 1n=(&1).
Thus if F is non-exceptional,
(M0)1n=Ker \ p | 2 (+2n)Zn, p  (+2n)1n+ .
Suppose now that F is exceptional; i.e., 1n is noncyclic for all large n.
Then H1 (1n , +2n) has order 2 and $=0 if and only if \ is onto, if and
only if H1 (Zn, p , +2 n)  H1 (1n , +2 n) is onto for some p dividing 2, if and
only if Zn, p=1n for at least one such p, by Corollary 2.6 above.
Thus consider the sequence
+2n Cl+(OF [12]) ww
Jn K+2 (OF )2
n ww
*n 
p | 2
(+2 n)Zn, p
(4)
ww (+2n)1n ww 0,
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where *n makes the diagram
(K+2 (OEn)2
n)1n www
Hn, En \q | 2 +2 n+1n
trn
K+2 (OF )2
n www
*n 
p | 2
(+2n)Zn, p
commutative (the right-hand vertical arrow is the isomorphism of
Shapiro’s Lemma, induced by the obvious product map).
The sequence (4) is a complex which is exact at every term except
possibly the second, and we have shown:
Lemma 4.2. If F is non-exceptional or if Zn, p=1n for some p dividing 2,
the sequence (4) is exact.
If F is exceptional and if Zn, p{1n for all primes p dividing 2, this
sequence is exact except at the second term, where Image(Jn) is a subgroup
of index 2 in Ker(*n).
Lemma 4.3. If n is large enough so that (K2 (OF)(2))2
n
=[1] and +2n (Fp)
=+(Fp)(2) for all primes p dividing 2, then Ker(*n)=WK2 (F )(2).
Proof. First note that if F is any field (even an exceptional field) and if
E=F(‘2 n), Z=Gal(EF ) and if +2 n (F )=+2 m (mn), then the map
( )2
n&m
: +2 n  +2 m , ‘ [ ‘2
n&m
induces an isomorphism (+2n)Z $+2m .
The diagram
K+2 (OF)2
n ww
*n 
p | 2
(+2n)Zn, p
=
K+2 (OF)2
n ww
Hn, F 
p | 2
+2n (Fp)
commutes (where the right-hand vertical arrow is an isomorphism by the
previous remarks) by definition of *n and by the commutativity of
K+2 (OEn )2
n ww 
p | 2
+2n
trn > ( )
2n&m
K+2 (OF )2
n ww
Hn, p +2 n (Fp)=+2m
for each prime ideal p dividing 2.
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The result now follows by taking n sufficiently large and using the fact
that WK2 (F )(2) is the kernel of the map
K+2 (OF )(2) ww
H 
p | 2
+(Fp)(2)
induced by the appropriate Hilbert symbols. K
Putting all of this together gives:
Theorem 4.4. For sufficiently large n, the image of Jn is Div(K2 (F ))(2).
If F is non-exceptional or if Zn, p=1n for some prime p dividing 2, then this
is equal to WK2 (F )(2). Otherwise, it has index 2 in WK2 (F )(2).
Corollary 4.5. Div(K2 (F ))/WK2 (F ) with equality if and only if F is
non-exceptional or Zn, p=1n for some prime p dividing 2 and all sufficiently
large n. Otherwise Div(K2 (F )) has index 2 in WK2 (F ).
Proof. Keune [5, Theorem 6.6] proves that, for odd primes, p, the
image of Jn is WK2 (F )( p) for all sufficiently large n. It follows that
Div(K2 (F ))( p)=WK2 (F )( p) for all odd primes p. K
Remark. Suppose F is exceptional. Then for all nn0 , 1n=
(&1)_(52 n 0&2)/U(Z2nZ), and restriction induces a surjection ?: 1n 
1n 0+1 $Z2_Z2.
Furthermore, if Z is a subgroup of 1n , then Z=1n if and only if
?(Z)=1n 0+1 . Thus, for a given prime ideal p, Zn, p=1n for all sufficiently
large n if and only if Zn0+1, p=1n0+1 , if and only if p does not split in
En 0+1 . (Note that this also implies that p must ramify in En 0+1 .)
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